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ABSTRACT

Let n = 4 or 8. We prove that any Lagrangian embedding of S7~1 x §1
into C™ has a trivial linking class. We deduce that every embedding of
$3 x S! into C* is isotopic to a Lagrangian embedding. This is false if
n=8.

1. Introduction

Given a totally real embedding j of a compact, oriented, manifold M™ with-
out boundary into C* and a nowhere vanishing tangent vector field », one can
build a cohomology class o,-1(j,v) € H*"1(M™,Z) called the linking class
of j associated to v. This class is an invariant of isotopy classes of totally real
embeddings. If j;,jo: M™ — C" are two totally real embeddings and if there
exists a nonvanishing vector field v such that a,-1(j1,v) # on-1(j2,v), then j;
and jo are not isotopic through totally real embeddings.

If M™ is the 2-torus and v the translation field on T2, it has been shown in
[12] that for every o € H(T?,Z) there exists a totally real embedding j: T2 —
C? such that 01(j,v) = 0. Nevertheless, if one looks for Lagrangian embed-
dings, then the situation is completely different. In 1994, Y. Eliashberg and L.
Polterovich proved that for every Lagrangian embedding j: T2 — C2, one has:
a1(j,v) = 0 ([5]).

Here we consider the product manifolds S* x §3 and S* x §7. It is easily
checked that these manifolds admit a Lagrangian embedding into C*, for n =4
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or 8. This follows from the Gromov-Lees theorem on Lagrangian immersions
[10] combined with a result of M. Audin (see [1] pp. 617618 and also remark B
below). Moreover, it has been shown in (3] that these manifolds admit a family of
totally real embeddings such that o,,_1(j, v) takes a countable number of different
values. Using the techniques developed by Y. Eliashberg and L. Polterovich, we
prove the following rigidity results.

THEOREM 1: Letn = 4 or 8 and j: S'xS"~! —3 C” be a Lagrangian embedding.
Let v be a nonvanishing vector field on S! x S"~! tangent to the factor S!. Then
Un—l(j, U) =0.

By a slight modification of the proof of Theorem 1, we also obtain similar
results for some quotients of S! x §*71, n = 4 or 8 (see section 4).

Let E(M™,C") be the space of embeddings of M™ into C* and Fpa,(M™, C*)
be the subspace of Lagrangian embeddings (all those spaces are endowed with
the compact-open topology). We apply the preceding results to study the natural
inclusion é: Epeq(M™,C") — E(M",C") with M" =S'x 8" and n =4 or 8.

THEOREM 2: The map

iy: Mo(ELag(S' x S"1,C)) — mo(E(S x §*71,C")) = Z,

onto ifn =4,
a constant map ifn =8.

The group Diff(M™) acts on E(M™,C") in an obvious way by reparametriza-
tions of M™. We shall see that Diff (S x S3) acts trivially on 7o (E(S? x S, C*)).
Theorem 2 implies that there exist two Lagrangian embeddings of S! x S into
C* such that the images of these maps are not isotopic in C* as nonparametrized
submanifolds.

Given two Lagrangian immersions jg, j1: M™ — C™ we define a cohomology
class A(jo,j1) € H*(M™,Z) which is an obstruction to the existence of a La-
grangian regular homotopy joining jo and j1. If jo and jy, are two Lagrangian
embeddings of S* x S3, it turns out that the modulo 2 reduction of this class —
denoted by €(jo, j1) — is the only obstruction to the existence of a smooth isotopy
between jo and j;. Of course, €(jg, j1) # 0 also implies that jo and j;, belong to
different components of the space I144(S* % $3,C*) of Lagrangian immersions. In
particular, two Lagrangian embeddings which correspond to different elements
of mo(E(S! x $3,C*)) are not only nonisotopic as smooth embeddings but also
not regular homotopic as Lagrangian immersions.

It is also worth noting that all Lagrangian immersions and, in particular, all
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Lagrangian embeddings of S x S"~! into C" (n =4 or 8) are regular homotopic
as smooth immersions. This is due to M. Audin, see [1] theorem 0.1.

ACKNOWLEDGEMENT: L. Polterovich suggested to me the problem of the
linking class while he was visiting the Université de Lyon. It is a pleasure to
thank him for many fruitful discussions.

2. Definitions and notations

Let M™ be a compact, connected, oriented, n-manifold without boundary. Let
< -+ > denote the FEuclidean scalar product of C* ~ R?", J the canoni-
cal complex structure and w =< J-,- > the symplectic form. An embedding
j: M® — C" is calied totally real if T j(M") & JTjp)j(M™) = C* for
every p € M™. It is called Lagrangian if JTj,)j(M") = T]%p) J(M™) for every
p € M™, or equivalently if j*w = 0. Since JTM™ @ TM™ = C", every manifold
admitting a totally real embedding necessarily has a zero Euler—Poincaré char-
acteristic. Thus, there exists a nowhere vanishing vector field v on M™. One
can stretch the submanifold j(M™) in the direction Jdj(v) by a small distance .
We denote by Ju(M™) the resulting submanifold. If ¢ is small enough, Ju{M™)
is disjoint from j(M™). It represents a n-cycle in C* ~ j(M™). Using the exact
sequence of the pair (C*,C" ™ j(M™)) and Alexander duality, one obtains the
following identifications:

H,(C* ~j(M™),Z) ~ Hy 11 (C*,C* N j(M™),Z) ~ H* 1 (M™, Z).

Definition (cf. [3]): The linking class associated to the totally real embedding
7 and to the vector field v is the class

On_1(4,v) € H* Y(M™, Z)

represented in H,(C" ~ j(M™),Z) by the n-cycle [Jv(M™)].

3. Proof of Theorem 1

3.1 A MODEL FOR S' x §% AND T*(S! x S3). Let H denote the quaternionic
field and let x = g + x17 + x2J + 3k be any element of H. Consider the free
action of Z on H* = H~{0}, where the generator of Z acts by multiplication
by 2. The quotient H* /Z can be identified with S* x §3. Let <, > denote the
canonical scalar product on H* (< z,2’ >= Re(zz’)). A basis of T(S! x %) is
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given by

1 1 .
00=W<:1:,->, 01=m5<:m,->,

1 1
Oy = —= <zj, >, Os3=— <zk, >,
|[?

|zf?

and the Liouville form at a point (z,y) in T*(S! x S3) will be given by

1 1
Az,y) = Yobo + y161 + y202 + y303 = E <zy, >= g Re(zydz).
Let T™*(S! x $%) be the unit cotangent bundle of S! x S3, and let ¢ be the
restriction of the Liouville form on 7%*(S? x §3). Then ¢ is the canonical contact
form of T1*(S! x §3). Later on, we shall need the following lemma.

LEMMA A: Let

_ 1 1
g, _d(W) ARe(aydz) + -5 Re(dz.y A da),

- 1
= —-I;F Re(zdy A df)

One has d¢ = E, + E; and (d¢)® = 3.

Proof of Lemma A: The decomposition d¢ = Z; + Z is obvious. Since (d¢)3 =
E3 + 322%,, it suffices to prove that Z2Z; = 0 to conclude. Let G4(¢) =
{A € SO(4) : f*¢ = £ where f(z,y) = (Az,y)}. It is easily seen that G4(§) =
Sp(1) = S3. Thus, one can work out computations at points of the form (z,y) =
(%0, 0,0,0,v0, y1, y2,y3). One gets

(1]

2
1 =;§(—y1dﬂ?z A dz3 + yodzy Adxz — yzdzy A dxa),
0

[1]

3
1
=— ) dy; Ndx;.
2 o ZO Yi i
A direct computation shows that

E%El = ddxzg A dzy A dzy A dxg A dyg A (y1dy1 + y2dy2 + yadys),

and since y2 + y? + y2 + 2 = 1, it follows that 235, = 0. [
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Remark A: Let Ay(¢) = {A € SO(4) : f*¢ = £ where f(z,y) = (Az, Ay)}.
Since A4(€) = {¢,: y — zyz~! where z € S®} = SO(ImH) ~ SO(3), actually
one could reduce the computations of Lemma A starting with a point of the form
(.’L‘, y) = (.’L‘o, 0,0,0, yo,y1,0,0).

3.2 SYMPLECTIC SURGERY. Using the symplectic tubular neighbourhood theo-
rem of A. Weinstein, one gets that any Lagrangian embedding j: S x §3 — C*
can be extended to a symplectic diffeomorphism (still denoted by j) of a tubular
neighbourhood of the zero section of T*(S! x S3) into a tubular neighbourhood
of 7(S* x §3) in C*. Let N§ = {]y| < €} denote a closed tubular neighbour-
hood of the zero section of T*(S! x S3) and let N® = j(N§). We also set
Th=0N8 = {ly| = €} S x $2x $3, £7 = j(¥7) and K& = C! N Int(N8). Let
fr be the diffeomorphisms of T'H* given by

fo:H* xS®— H* x 83

(z,y) — (zy"™,y).
Each f, gives rise to a diffeomorphism of £ (still denoted by f,,). Moreover,
for every n # m the maps f, and f,, belong to different arcwise connected
components of Diff (S? x S3x 83}, because they induce different maps in homology.

Let V2 be the manifold obtained by gluing K® and N® along their boundaries
via the diffeomorphism f, =jo f, 057

Vo =K%Uj 5,5 N°

This surgery can be made symplectic. Indeed, if Z = (X,Y) is a tangent vector
at T(p )26 ~ T5(S? x §3) x T,,(S3), a straightforward computation shows that
(f;&)(a:,y)(z) = £(z,y)(z) +n < y27 Y >.

LEMMA B: The forms f}¢ and £ are homotopic through contact forms.

Proof of Lemma B: Let a(;,)(Z) =<y Y > and let & = £ + tna. The form
« is exact, since

d
a=<yldy>=<1, y—z >=— < 1,d(yY) >= - < 1,d7 >= ~dyp.

Thus (d¢;)® = (d€)® and, by Lemma A, (d€)® = 3. Moreover, we have aAZ3 = 0,
$0
& A (d€e)® = (£ +tna) NES = EAE] = £ (dE)°.

For each t, £ is a contact form. [ |
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By the theorem of J. W. Gray (cf. [6]), we then deduce that f}£ and ¢ are iso-
topic. Therefore, the manifold V;® admits a symplectic structure which coincides
outside of a large ball with the standard symplectic structure of C*. Moreover, it
is easy to check that Hp(V,2,Z) = 0. It then follows that V8 is diffeomorphic to
C* from a result of Y. Eliashberg, A. Floer, M. Gromov and D. McDuff (see [11],
p. 653 theorem 1.5 and [4] for a detailed account of their personal contributions).

3.3 PROOF OF THEOREM 1 FOR n =4. We mimic what is done in [5]. The idea
is to show that V8 ~ C* implies o3(j,v) = 0. We first define explicit generators
of each homology group involved in the proof. Let

H3(S? x S =Z < ag >, Hy(K®) =Z < H >,
Hy(EH)=Z<a>®Z<n> H3(N¥)=Z<A>,
Hy(E)=Z<a>®ZL<h>.

Here Z < g > denotes the infinite cyclic group generated by g, g is the 3-cycle
{1} x [S%] of S2 x S1, aris {1} x [S%] x {1} in &, nis {1} x {1} x {7}, @ = j.a,
h = jun, A = juag and H is such that lk(j(S! x §%),H) = 1. Let i: ¥7 —s K8
and 1: ¥ — N8 denote the natural inclusions and let k be the composition
Lo f,,. The maps ¢ and k induce two homomorphisms:

iy H3(Z7) — H3(K®) and k.: H3(Z7) — H3(N?®).

It is obvious that

ky(h) = nA k.(a) = A,
ix(h) = Hi.(a) = Ik(j(S' x §°),a).

By the choice of the unitary tangent field v on S x §3, we get @ = Jv(ag) (with
obvious notation). Since j is a symplectomorphism, it is easy to see that

Ik(G(S x §%),a) = Ik(5(S x $3), Ju({1} x §%)) =< 03(j,v), ap > .

Hence, with respect to the basis (a,h) and (A, H), the matrix of the map i, ®

(—k.) is gjven by
-1 -n
M_(<<73(J"U),C¥0> 1 )

On the other hand, from the Mayer—Vietoris sequence

0~ Hy(V3) — Ha(E7) ") H,y(K®) @ Ha(N®) — Ha(VS) ~0
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one deduces that the map i, @ (—k.) is an isomorphism. The determinant of the
matrix M must be 1. Since this determinant is equal to —14+n < a3(4, v), ag >,
it follows that < o3(j,v), a9 >=0. ]

3.4 PROOF OF THEOREM 1 FOR n = 8. It suffices to consider the Cayley
algebra O instead of H and to mimic the above proof. Nevertheless, some points
of this proof deserve more explanations since the nonassociativity of Q introduces
some new difficulties.

Recall that the associator [z,y, 2] of a triple of elements of O is the difference
(zy)z — z(y2z). In O, a weak form of associativity holds, namely, the associator is

-1

a trilinear map. Moreover, [y,y~1, 2] = 0. We need this property to prove that

the map
fi: 0" xS — 0* x§7
(z,y) — (zy,9)
is a diffeomorphism. Indeed,

1Y = Ty => (T19)y" ' = (z2p)y "

= z1(yy~ ") = z2(yy ™),
since [y,y~ 1, 2] =0. As fo, = fro---0 fi, fn is also a diffeomorphism.

Difficulties arise when one wants to establish an analogue of Lemma A. This
is due to the fact that the group

Gs(§) = {A € SO(8): f*¢ = € where f(z,y) = (Az,y)}

is very small: it contains only +Id ! (Here {,) = l—zl—lgRe((xy)df), with
(z,y) € O* xS7)

LEMMA C: Let

1 1
=] :d(;—) A Re(zydz) + g Re(dz.y A dT),

One has d€ = 21 + E; and (d¢)” = EL.

Proof of Lemma C: Similarly to Lemma A, the nontrivial step is to prove that
E821 = 0. Let Ag(¢) = {A € SO(8): f*¢ = ¢ where f(z,y) = (Az, Ay)}. It
turns out that Ag(€) is the exceptional Lie group G, (see [9] p. 114). This Lie
group can be seen as a Lie subgroup of SO(Im Q) ~ SO(7). Moreover, it is well
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known that G2/SU(3) ~ S® Thus, one can work out computations at points
(z,y) with £ = (z9,21,0,0,0,0,0,0). Let Vol, denote dxg A -+ A dz7 and let
Vol; j r denote the form
dyo/\"'/\(ZZZ'/\"‘/\Jy\j/\"'/\d/?-/\k/\"‘/\dy’r
where dy;, dy; and dy; are missing and set
Bij .k = Vol j x ANyidy; + y;idy; + yredyx)-

A direct computation shows

ESE; = 1440( 7 Volz A[B1,23 — Br,a5 — Bu,6,7]

(2§ +x3)
+ BT o A~ Baas — Bass — o]
@21 a2 " 25,7 — B2,46 — B356 — B3,.47
2.170.1:1
+ == Vol AlBas6 + Baa7 + Bas7 — Bsasl)-

(z§ + «1)°
Then, since Y. _, y? = 1, all the §; j & vanish. |

The rest of the proof of Theorem 1 runs exactly as in 3.3.

4. Some generalizations

4.1 ON LAGRANGIAN EMBEDDINGS OF SOME QUOTIENTS OF S! x S"~1. Let
T be a finite multiplicative subgroup of S3. The quotient S§3/T is an orientable
Riemannian homogeneous 3-dimensional manifold of positive constant curvature
(every finite subgroup of S% ~ SU(2) is fixed point free, see [14]). Let j be a
Lagrangian embedding of S* x S3/T into C*. As H3(S! x S3/T") ~ Z @ I where
IV =T/[I',T] is the abelianization of I, the linking class ¢3(j, v) splits in a linear
part and a torsion one.

ProPOSITION: (1) Let j: S! x S$3/T —+ C* be any Lagrangian embedding and
let v be a nonvanishing vector field on S* x S3/T" tangent to the factor S'. Then,
the linear part of o3(j,v) vanishes.

(2) Let j: S x RP” — C8 be any Lagrangian embedding and let v be a nonva-
nishing vector field on S* x RP7 tangent to the factor S1. Then, the linear part
of o7(j,v) vanishes.
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Remark B: If M™ admits a Lagrangian immersion in C®, then S! x M"
admits a Lagrangian embedding into C"*! (see [1], for instance). As any ori-
ented 3-dimensional manifold is parallelizable, it follows from the Gromov-Lees
theorem that such 3-manifolds admit a Lagrangian immersion. Thus S* x §3/T
admits a Lagrangian embedding. Similarly, since RP7 is parallelizable, it admits
a Lagrangian immersion and S! x RP” admits a Lagrangian embedding.

Remark C: There is only one (proper) finite multiplicative subgroup ' of S* ¢ H
such that IV = 0 (and thus o3 has no torsion part). This subgroup is the lift of
the dodecahedral subgroup of SO(3) to the double covering S* — SO(3). The
quotient ¥3 = S3/T" is the Poincaré sphere.

4.2 PROOF OF THE PROPOSITION.

Proof of (1): We first assume that T' acts by left multiplication on S3. The
diffeomorphism

fa8'x 83 x 8% — S x8?x§?
(z,9) — (29", 9)
gives a diffeomorphism on the quotient S! x (S3/T") x §3. Since G4(§) = S3,
the contact structure & on T™*(S! x S3) also induces a contact structure on
T (S! x $3/T), still denoted by £. The pull-back of £ by f, is

(frtf)(z,y)(z) = E(z,y)(z) +n< 3/2»Y >,

where Z is a tangent vector at a point (z,y) of T**(S! x S3/T'). As in section 3.2,
one can perform a symplectic surgery on C* and denote the resulting manifold
by V2. It is easy to check that Ho(V;®) ~ 0 and thus V;? is diffeomorphic to C*.
Repeating the arguments of Theorem 1, one gets

< 03(j7 U),ao >= 07

where ag is the 3-cycle of S' x S3/T represented by {1} x [S3/T]. Note
that the third cohomology group of S! x S3/T" has some torsion, namely,
H3(S' x S3/T',Z) ~ Z & T'. Since T is finite, IV is a torsion group.

If the group I' acts by right multiplication, one has to consider the contact
form £(5 ) = ﬁf Re(yzdz) and the diffeomorphisms (z,y) — (y"z, y).

Proofof (2): The proof is similar to the proof of point (1). But since Gg(§) ~ Za,
it only applies to the quotient S7/Zy = RP7. ]
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5. Isotopy classes of embeddings

5.1 GENERAL THEORY OF A. HAEFLIGER AND M. HIRSCH [8]. Let M™ be a
n-dimensional (n > 4) compact connected orientable manifold without boundary
and let j: M™ — C" ~ R®" be an embedding. Let M denote the manifold
M"™ ~{zo} where z, is any point of M™. Let D; C D, be two embedded open
disks centered at ¢ and let A: M™ — [0,1] be a C* map such that A =1 on
M™~ Dy and A = 0 on D;. Given a nonvanishing normal vector field v on My,
let us set

, i(x) if x € Dy,

() = {j(:z:) +Mz)ve ifz €MDy
Finally, let X = C* ~ j(M™~ D). There exists a unique (up to homotopy)
normal vector field » on M§ such that

[ (M™)] =0 in H,(X,Z)~ H" }(M™~ Dy,Z) ~ H* }{(M™,Z).

We call this vector field the associated vector field v(j) to the embedding j. If
v and v’ are two nonvanishing normal vector fields, the following simple relation
holds:

L (M™)] = [ (M™)] = d(v/, v)
where d(v',v) is the difference class, the first obstruction to homotopy between
vV tow.

Let Ty ny1(MG) be the associated bundle to the frame bundle of M whose
fiber is the Stiefel manifold Va, 541 of (n+ 1)-frames of R*™, with Gl(n, R) acting
in a natural way on the first n vectors of a frame. Every embedding j gives rise
to a natural section o; of Tap, n1(M§) given by

g5 M(? — T2n7n+1(Mg)
z— [(d2(R), v2 (7)),
where R is any frame in T, MJ. Let I'(Tap n41(MG')) be the space of (continuous)

sections of Tan nt1(ME) and let E(M™,R?™) be the space of embeddings of M™
into R?".

THEOREM (A. Haefliger, M. Hirsch): The map j — o; induces a bijection
on the my-level between the space of embeddings E(M™,R?") and the space of
sections I'(Ton ny1(MF)).

There is a 1-1 correspondence between mo(I'(Tonn+1(M§))) and the co-
homology group H" Y (MJ, mn—1(Vann+1)). Thus mo(E(M™, R?™)) is in bijec-
tion with H*~1(M™, Z,) if n is even, and with H""}(M™,Z) if n is odd.
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5.2 THE CASE M™ = S x §"~! wiTH n = 4 OrR 8. Throughout this section
n will be 4 or 8. For short, we put E, = E(S! x S»~1,R??). According to the
preceding subsection, mo(Ey,) is in bijection with Z.

Let v be a nonvanishing vector field on S x $”~! tangent to the factor S'. By
using the quaternionic or the octonian structure (we see O as H & eH), we can

define a global n-frame R = {ey, e2,...,e,} on M™ as
(e1,...,eq) =(v,iv, ju, kv) if n =4,
(e1,-..,e8) =(v,iv, jv, kv, ev, etv, ejv, ekv) if n = 8.

The map j + o; can be identified with

3: En — D(Tannsr (MY))
Jr= 05z (de(R), v2 (7))

The n-frame R gives a trivialization of Ty nt1(MF). There are obvious
identifications

7rO(F(TZ'n,n+1(]M(‘;l))) :[M(?’ VZn,n+1] = [Sl v Sn_17 V2n,n+1]
:[Sly V2n,n+1] X [Sn—15 V2n,n+1]
:“n—l(‘/Zn,n+l)-
As usual S v S"~! denotes the one-point union of S! and $*~'. Let § be any
point of S1. The map ®y: mo(E,) —> Z3 is just given by the class of the map
{8} x S™ ! — Vo ns1

z > (& (R), v=(5))

in 7p—1(Van,nt1) = Zg. We call this class ex(j). This modulo 2 number tells us
to which component of E,, the map j belongs.

5.3 PROOF OF THEOREM 2. Here again, n is 4 or 8. If j is Lagrangian, it is
natural to introduce another map

T;: {6} x S"' — S0(2n)
r —(djz (R), Jdjz(R)).
Let F be the forgetting map SO(2n) — Va5, ny1. The composition yields a new

map
FoT;: {0} x 8™ — Vapny1

z +— (djz(R), Jdjz(v)).
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By Theorem 1, the nonvanishing vector field Jdj(v) is exactly v(j) (on M).
Thus, the class [F o T;] of this map in Tn—1(Vann+1) is €r(§). The map F
induces the modulo 2 reduction at the m,_;-level. Indeed

Fy
Tn— 1 SO 2” )_‘"*Wn 1(V2nn+l)‘“_>7rn 2 SO(n— 1))

” mod 2 ’ H
Z

2

The relation: [FoT;] = Fy-[T;] implies that €% (j) is the modulo 2 reduction of
the class [T';] € m,—1(SO(2n)). Let i: U(n) — SO(2n) be the natural inclusion;
by construction the map T; factors through U(n), i.e. T; =io0 T; for some
T;: {0} x St — U(n).

IF n = 8 The study of the long homotopy exact sequence associated to
the fibration U(8) — SO(16) — SO(16)/U(8) shows that the map iy: Z =
w7(U(8)) — 77(SO(16)) = Z induced by ¢ is the multiplication by 2. Thus, the
modulo 2 reduction of the class [T;] in 77(SO(16)) is zero, i.e. ex(j) = 0.

IF n = 4: Again by the use of the homotopy sequence of the fibration U(4) —
SO(8) — SO(8)/U(4), one shows that the map iy: Z = 73(U(4)) —> w3(SO(8))
= Z is an isomorphism. Thus, a priori, ¢z (j) can be any of the two elements of
Z,. Let us see that both values are actually taken.

Let S2 be the unit sphere of H, v the outward unit normal field of S3 and R
the 3-frame (iv, jv, kv). Any Lagrangian immersion g of S2 into C* gives rise to
a map

dg®: S* — U(3) C SO(6)

Let go and g; be two Lagrangian immersions of S% into C? such that [dg§] is zero
in m3(U(3)) and [dg}] is a generator of n3(U(3)). Then f; = h x g;, (i = 0,1)
are two Lagrangian immersions of S! x §3 into C x C3? (h denotes the natural
(Lagrangian) inclusion S! C C). Of course df* = dh® x dgf. A result of [1]
claims that there exist two Lagrangian embeddings jo and j; of S! x §3 into C*
such that djC is homotopic to dfC (as maps from S! x §2 to U(4)). Thus the
maps Tj, are homotopic to T,. Let 6 be a point of S! and ! be the inclusion:

L U(3) — U(4)

Ar— (dh%(v) ,?1) .

Then Ty, = lodg‘ic. As ] induces an isomorphism at the w3-level, T, represents a
generator of m3(U(4)) if ¢ = 1 and the zero class if { = 0. Therefore, e (j;) = i.
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5.4 THE OBSTRUCTIONS A(,-) AND €(-,-). We first need a preparatory lemma.
Let n > 2 and let ¥ be the classical isomorphism between U(n) and S* x SU(n).
We denote by tsy(m) € H*(SU(n),Z) the characteristic class of SU(n) and by a
the class ¥*tgy(n)- The following lemma is well known (see theorem 7.16 p. 146
of [13]).

LEMMA D: The “degree map” [M",U(n)] deg, H3(M™,Z), f —> f*a is a group
homomorphism.

Let M™ be a manifold admitting a Lagrangian immersion into C*, s¢ a unitary
trivialization of TM™ ® C and let (e;,...,€e,) be an unitary basis of C*. The
theorem of Gromov-Lees asserts that the map

ILag(M™,C*) — C*(M™,U(n))
j +— di%(s0)
is a weak homotopy equivalence. By using this theorem, it is easy to build invari-
ants for Lagrangian immersions. For instance, the class 6(j, so) = (dj€(sp))*a is

an obvious one. (Lemma D shows that 6(j, s9) does not depend on the choice of

the unitary basis of C*.) If s; is another trivialization, then there exists a map
f: M™ — U(n) such that s; = sof. By Lemma D

8(3»81) = (dj(s1))*a = (&(s0) - f)*a = 8(j, 50) + [*a.

Therefore, if jo and j; are two Lagrangian immersions, the class
A(jOvjl) = 5(j17 SO) - 5(j07 30)

does not depend on the choice of the trivialization. By construction, this class
is an obstruction to the existence of a Lagrangian regular homotopy between jg
and j;. Let €(jo, j1) be the modulo 2 reduction of A(jg, 71).

LEMMA E: Let jo, j, be two Lagrangian embeddings of S x S3 into C*. Then
€(jo, j1) is the only obstruction to the existence of a smooth isotopy between jo
and j,.

Proof of Lemma E: Let k be the inclusion {0} x §% —+ S! x §%. One has the
following commutative diagram:

ra(U(4)) ~ [8%, U(4)] —=E> 13(s%,2) ¥ H3(s1 x §3,2)

Fl l” l

73 (Vas) = [S% Vis] —E> HI(S?, Z5) &> HY(S! x §3,2,)
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where k* and the degree maps are isomorphisms. (The second degree map is just
f = f*u,, where 1y, € H3(Vs 5,Z,) is the characteristic class of Vg5.) The
first vertical maps between the cohomology groups is induced by the coefficient
homomorphism

Z = m3(U(4)) 2292 m5(Vas) = Zy

(see, for instance, [2] pp. 275-278 for this point). Let sy be the trivializa-
tion of TM™ ® C induced by the global n-frame R. It is readily seen that:
(k*)~deg[T;] = &(j,s0) and that (k*)"'deger = (k*)"'deg[F oioTj] =
p26(3, 80). Hence

€(jo, 1) = (k*) "' deg(er (jo) — er(§1)). B

5.5 THE ACTION OF Diff(M") oN mo(E(M™,C*)). We first recall an alterna-
tive description of the solution to the embeddings classification problem. Any
embedding j: M™ — R2" gives rise to a Zy-equivariant map

M™ x M™ — AM™ — S*~!
i(z) —3(y)
L i(z) — i(y)]
(AM™ denotes the diagonal of M™ x M™). Let S be the space of Zz-equivariant

maps of M™ x M™— AM™ into S?"~1. A celebrated result of A. Haefliger (7] states
that, if n > 4, there is a one-to-one correspondence between mo(E(M™, R*™))

(z,y)

and the set m(S). The computation of mo(S) is a classical problem in homotopy
theory. Let M* = (M™ x M™ — AM™)/Z; be the reduced symmetric product of
M™ and P be the bundle (M™x M™ -~ AM™)x7,S?"~! — M*. There is a natural
bijection between S and the space of sections of P, thus m(S) = mo(I'(P)).
Since the fiber of P is the sphere S2°~1 one has mo(E(M",R?")) ~ mo(T(P)) ~
H2n—1(M*’ Z).

LEMMA G: The action of Diff (S x S%) on mo(E(S?! x §3,C*)) is trivial.

Proof of Lemma G: A diffeomorphism ¢ of M™ induces a Zs-equivariant diffeo-
morphism of M™ x M™—~AM™ and thus a diffeomorphism ® of M*. The action of
¢ on mo(E(M™,R?")) is given by the induced isomorphism ®* on H*"~1(M*,Z).
It is well known that for an orientable even-dimensional manifold M™, the co-
homology group H2»~1(M*,Z) is isomorphic to H* 1(M™,Z;). In our case
M" = S! x S3 and one gets H'(M*,Z) = Z»; ®* is simply the identity. |
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